2-SIGNALIZERS OF FINITE GROUPS
We therefore assume without loss of generality that 1 is the only normal 2'-subgroup of @ and 1 is the only normal 2-subgroup of ©. Hence, 1 is the only normal abelian subgroup of ©, so that 9Ϊ, the join of all minimal normal subgroups of ©, is the direct product of subgroups ΪRi, each of which is a non abelian simple group, 1 ^ i St. Since 1 = C®(fR) f it suffices to bound ]9i|. Clearly, each 9^ is of even order, since 1 is the only normal 2'-subgroup of ©. This yields t ^ r, so it suffices to bound |3ti|. Let Z be a S 2 -subgroup of © and let J be an involution in Proof. We proceed by induction on |©|. Let ξ> be the largest normal 2-subgroup of ©, and let (£ = C@(ξ>). Suppose Kc@. Then by induction, ΰ\T) < (£, so σ 1^) char®, as (?($) is the set of squares of 2-elements of (£. Hence, ΰ\%) <\ © and we are done. Suppose (£ =©, but © =£ 1. Let J be an involution of ξ>. If <J> is a direct factor of X, then <J> is a direct factor of © and we are done by induction. If is not a direct factor of ©, then Je^S), so (jW<J» -and we are again done by induction. Hence, we may assume ξ> = 1.
Since 1 is the only normal 2'-subgroup of ©, the join 9Ϊ of all minimal normal subgroups of © is the direct product of subgroups Sΐi, each being a non abelian simple group, 1 ^ ί ^ n. Π Sf t = 1. Since 1 = C@(SR), so also 1 = fl^ίE), and we are done. We may therefore assume that any two involutions of 31 are conjugate in ©. This implies that X is homocyclic. If % is elementary, we are done. Otherwise, CφtoXSε)) has a normal 2-complement, which must be 1, since s 2 (@) = l. This in turn implies that % = C^iΰ 1^) ) < 9f c As 9i contains the centralizer of each of its involutions, £ is a T.I. set in ©. By a fundamental result of Suzuki [2], £ is elementary. The proof is complete.
Conjecture. If © is a simple group, then every 2-signalizer of © is abelian.
